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We propose a unique stellar model under the f(R, T ) gravity by using the conjecture of Mazur-
Mottola [P. Mazur and E. Mottola, Report number: LA-UR-01-5067., P. Mazur and E. Mottola,
Proc. Natl. Acad. Sci. USA 101, 9545 (2004).] which is known as gravastar and a viable alternative
to the black hole as available in literature. This gravastar is described by the three different regions,
viz., (I) Interior core region, (II) Intermediate thin shell, and (III) Exterior spherical region. The
pressure within the interior region is equal to the constant negative matter density which provides
a repulsive force over the thin spherical shell. This thin shell is assumed to be formed by a fluid
of ultrarelativistic plasma and the pressure, which is directly proportional to the matter-energy
density according to Zel’dovich’s conjecture of stiff fluid [Y.B. Zel’dovich, Mon. Not. R. Astron.
Soc. 160, 1 (1972).], does counterbalance the repulsive force exerted by the interior core region.
The exterior spherical region is completely vacuum and assumed to be de Sitter spacetime which
can be described by the Schwarzschild solution. Under this specification we find out a set of exact
and singularity-free solution of the gravastar which presents several other physically valid features
within the framework of alternative gravity.
PACS numbers: 95.30.Sf, 04.70.Bw, 04.20.Jb,
I. INTRODUCTION
Mazur and Mottola [1, 2] first ever proposed a model
considering the gravitationally vacuum star (gravastar)
as an alternative to the system of gravitational collapse,
i.e., black hole. They generated a new type of solution by
extending the idea of Bose-Einstein condensation in con-
struction of the gravastar as a cold, dark, and compact
object of interior de Sitter condensate phase.
The scenario of this gravastar can be envisaged as fol-
lows: the interior is surrounded by a thin shell of ultrarel-
ativistic matter whereas the exterior region is completely
vacuum and hence the Schwarzschild spacetime at the
outside can be considered to fit for the system. The shell
is assumed to be very thin with a finite width in the
range r1 < r < r2, where r1 ≡ D and r2 ≡ D + ǫ are the
interior and exterior radii of the gravastar respectively un-
der consideration. Therefore, we can represent the entire
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system of gravastar into three specific segments based
on the equation of state (EOS) as follows: (I) Interior
(0 ≤ r < r1): p = −ρ, (II) Shell (r1 ≤ r ≤ r2): p = +ρ,
and (III) Exterior (r2 < r): p = ρ = 0.
We note that related to the gravastar there are lot of
works available in the literature based on different math-
ematical as well as physical issues. However, these works
are mainly carried out by several authors in the frame-
work of Einstein’s general relativity [1–19]. Though it is
well known that Einstein’s general relativity is a unique
tool for uncovering many hidden mysteries of Nature, yet
some observational evidences of the accelerating universe
along with the existence of dark matter has imposed a
theoretical challenge to this theory [20–26]. Therefore,
several alternative theories have been proposed succes-
sively amongst which f(R) gravity, f(T) gravity, and
f(R, T ) gravity have received more attention. In the
present project our motivation is to study the gravas-
tar under one of the alternative gravity theories, namely
f(R, T ) gravity [27] and to observe different physical fea-
tures of the object - their nontriviality as well as trivial-
ity. Actually our previously performed successful works
on the initial phases of compact stars under alternative
gravity [28, 29] motivate us to exploit the alternative for-
malism to the case of the gravastar, a viable alternative
to the ultimate stellar phase of a black hole.
It has been argued that among all other modified grav-
2ity theories the f(R, T ) theory of gravity can be con-
sidered as a useful formulation which is based on the
nonminimally curvature matter coupling. In the f(R, T )
theory of gravity [27] the gravitational Lagrangian of the
standard Einstein-Hilbert action is defined by an arbi-
trary function of the Ricci scalar R and the trace of the
energy-momentum tensor T . One can note that such a
dependence on T may come from the presence of an im-
perfect fluid or from the consideration of quantum effects.
The application of f(R, T ) gravity theory to different cos-
mological [30–42] realm can be noted in the literature.
Among several astrophysical applications it is worthy
of mentioning the Refs. [43–52]. In their work [43] Sharif
et al. have studied the stability of collapsing spherical
body of an isotropic fluid distribution considering the
nonstatic spherically symmetric line element. A pertur-
bation scheme has been used to find the collapse equa-
tion and the condition on the adiabatic index has been
constructed for Newtonian and post-Newtonian eras for
addressing instability problem by Noureen et al. [44]
whereas in another work [45] Noureen et al. have inves-
tigated the range of instability under the f(R, T ) theory
for an anisotropic background constrained by zero expan-
sion. Also, by applying a perturbation scheme on the
f(R, T ) field equations the evolution of a spherical star
has been studied by Noureen et al. [46]. Zubair et al. [47]
have analyzed the dynamics of gravitating sources along
with axial symmetry under the f(R, T ) gravity. Some
other relevant studies on the f(R, T ) theory of gravity
can be observed in the following works [48–50] under dif-
ferent physical motivations. Yousaf et al. [51] have ex-
plored the evolutionary behaviors of compact objects in
the framework of f(R, T ) gravity theory with the help
of structure scalars whereas they [52] have investigated
the irregularity factors for a self-gravitating spherical star
evolving in the presence of imperfect fluid.
The outline of the present study is therefore as fol-
lows: In Sec. II the basic mathematical formalism of the
f(R, T ) theory has been provided as the background of
the study. Thereafter in Sec. III we discuss the field
equations and their solutions in f(R, T ) gravity consid-
ering the interior spacetime, exterior spacetime, and thin
shell cases of the gravastars with their respective solu-
tions. We provide the junction conditions, which are es-
sential in connection to the three regions of the gravastar,
in Sec. IV. Several physical properties of the models, viz.
proper length, energy content, entropy and equation of
state, are discussed in Sec. V. Some concluding remarks
are provided in Sec. VI.
II. BASIC MATHEMATICAL FORMALISM OF
THE f(R, T ) THEORY
The action of the f(R, T ) theory [27] reads
S =
1
16π
∫
d4xf(R, T )√−g +
∫
d4xLm
√−g, (1)
where f(R, T ) is the function of the Ricci scalar R and
the trace of the energy-momentum tensor T , Lm being
the matter Lagrangian density, and g is the determinant
of the metric gµν . Throughout the paper we assume the
geometrical units G = c = 1.
Varying the action (1) with respect to the metric gµν ,
one can obtain the following field equations of f(R, T )
gravity:
fR(R, T )Rµν − 1
2
f(R, T )gµν + (gµν −∇µ∇ν)fR(R, T )
= 8πTµν − fT (R, T )Tµν − fT (R, T )Θµν ,(2)
where fR(R, T ) = ∂f(R, T )/∂R, fT (R, T ) =
∂f(R, T )/∂T ,  ≡ ∂µ(√−ggµν∂ν)/√−g, Rµν is the
Ricci tensor, ∇µ provides the covariant derivative with
respect to the symmetric connection associated to gµν ,
Θµν = g
αβδTαβ/δg
µν and the stress-energy tensor is de-
fined as Tµν = gµνLm − 2∂Lm/∂gµν .
The covariant divergence of (2) reads [53]
∇µTµν = fT (R, T )
8π − fT (R, T ) [(Tµν + Θµν)∇
µ ln fT (R, T )
+∇µΘµν − (1/2)gµν∇µT ]. (3)
It is vivid from Eq. (3) that the energy-momentum
tensor is not conserved for the f(R, T ) theory of gravity
unlike the general relativistic case.
In the present paper we assume the energy-momentum
tensor to be that of a perfect fluid, i.e.,
Tµν = (ρ+ p)uµuν − pgµν , (4)
with uµuµ = 1 and u
µ∇νuµ = 0. Besides these condi-
tions we also have Lm = −p and Θµν = −2Tµν − pgµν .
Following the proposition of Harko et al. [27], we take
the functional form of f(R, T ) as f(R, T ) = R + 2χT ,
with χ being a constant. One can note that this form
has been extensively used to obtain many cosmological
solutions in f(R, T ) gravity [30–32, 39–41, 54]. By sub-
stituting the above form of f(R, T ) in (2), we get [30, 31]
Gµν = 8πTµν + χT gµν + 2χ(Tµν + pgµν), (5)
where Gµν is the Einstein tensor.
One can easily get back to the result of general relativ-
ity just by setting χ = 0 in the above Eq. (5). Moreover,
for f(R, T ) = R+ 2χT , Eq. (3) yields
∇µTµν = − 2χ
(8π + 2χ)
[
∇µ(pgµν) + 1
2
gµν∇µT
]
. (6)
Curiously, by substituting χ = 0 in Eq. (6) one can
verify that the energy-momentum tensor is conserved as
in the case of general relativity.
III. THE FIELD EQUATIONS AND THEIR
SOLUTIONS IN f(R, T ) GRAVITY
For the spherically symmetric metric
ds2 = eν(r)dt2 − eλ(r)dr2 − r2(dθ2 + sin2 θdφ2), (7)
3one can find the nonzero components of the Einstein ten-
sors as
G00 =
e−λ
r2
(−1 + eλ + λ′r), (8)
G11 =
e−λ
r2
(−1 + eλ − ν′r), (9)
G22 = G
3
3 =
e−λ
4r
[2(λ′ − ν′)− (2ν′′ + ν′2 − ν′λ′)r], (10)
where primes stand for derivative with respect to the ra-
dial coordinate r.
Substituting Eqs. (4), (8), (9), and (10) in Eq. (5) one
can get
− 1 + eλ + λ′r = Π(r)[8πρ + χ(3ρ− p)], (11)
− 1 + eλ − ν′r = Π(r)[−8πp+ χ(ρ− 3p)], (12)
[
r
2
(λ′−ν′)−(2ν′′+ν′2−ν′λ′)r
2
4
] = Π(r)[−8πp+χ(ρ−3p)],
(13)
with Π(r) ≡ r2/e−λ.
Now, from the equation for the nonconservation of the
energy-momentum tensor in f(R, T ) theory (6) one can
obtain
dp
dr
+
ν′
2
(ρ+ p) +
χ
2(4π + χ)
(p′ − ρ′) = 0. (14)
If we consider the quantitym as the gravitational mass
within the sphere of radius r, then from Eq. (11) we can
write
e−λ = 1− 2m
r
− χ(ρ− p
3
)r2. (15)
Again from Eqs. (12), (14), and (15) one can get the
equation of hydrostatic equilibrium in f(R, T ) theory as
p′ = −(ρ+p)
[
4πpr − χ(ρ−3p)r2
]
+ 12r
[
2m
r
+ χ(ρ− p3 )r2
]
[
1− 2m
r
− χ(ρ− p3 )r2
] [
1 +
χ(1− dρ
dp
)
2(4π+χ)
] ,
(16)
considering the fact that the energy density ρ depends
on the pressure p i.e. ρ = ρ(p).
Also, by letting χ = 0 the standard form of the Tolman-
Oppenheimer-Volkoff (TOV) equation can be retrieved as
applicable in the case of general theory of relativity.
A. Interior spacetime
Following the proposition of Mazur-Mottola [1, 2], let
us assume the equation of state (EOS) for the interior
region as
p = −ρ. (17)
The above EOS is a special form of p = ωρ, with the
EOS parameter ω = −1 and is known as the dark energy
equation of state.
Again using the above EOS, and from Eq. (14) one
can obtain
ρ = ρ0 (constant), (18)
and the pressure turns out to be
p = −ρ0. (19)
Now, using Eqs. (11) and (19) one gets the metric
potential λ as
e−λ = 1− 4(2π + χ)ρ0r
2
3
+
A
r
, (20)
where A is an integration constant which is set to zero as
the solution is regular at the center (r = 0). Hence we
have
e−λ = 1− 4(2π + χ)ρ0r
2
3
. (21)
Again, using Eqs. (11), (12), (18) and (19) one can
get the following relation between the metric potentials
ν and λ as
eν = Be−λ, (22)
where B is an integration constant. Here the spacetime
metric is free from any central singularity.
Also the gravitational massM(D) can be found out to
be
M(D) =
∫ r1=D
0
4πr2ρ0dr =
4
3
πD3ρ0. (23)
B. Shell
Let us consider that the shell consists of ultrarelativis-
tic fluid, obeying the EOS p = ρ. Zel’dovich [55] con-
ceived the idea of this fluid in connection to cold baryonic
universe and is known as the stiff fluid. In the present
context this may come from thermal excitations with neg-
ligible chemical potential or from conserved number den-
sity of gravitational quanta at zero temperature [1, 2].
This type of fluid has been extensively used by several
authors to study various cosmological [56, 57] as well as
astrophysical [58–60] phenomena.
4One can note that within the nonvacuum region, i.e.,
the shell it is very difficult to find solution of the field
equations. However, it is possible to obtain an analytical
solution within the framework of thin shell limit, i.e., 0 <
e−λ ≪ 1. Physically this means that when two space-
times join together at a place (in our case the vacuum
interior and the Schwarzchild exterior) the intermediate
region must be a thin shell (see the Ref. [61]). Now in
thin shell as r→ 0, any parameter which is function of r
is, in general,≪ 1. Under this approximation along with
the above EOS as well as Eqs. (11), (12) and (13), one
can find the following equations
de−λ
dr
=
2
r
, (24)
(
3
2r
+
ν′
4
)
de−λ
dr
=
1
r2
. (25)
Integrating Eq. (24) we get
e−λ = 2 ln r + C, (26)
where C is an integration constant and range of r is D ≤
r ≤ D + ǫ. Under the condition ǫ≪ 1, we get C ≪ 1 as
e−λ ≪ 1.
Also from Eqs. (24) and (25) one can get
eν = Fr−4, (27)
where F is an integration constant.
Also Eq. (14), along with the EOS p = ρ, yields
p = ρ = Hr4, (28)
H being a constant. As ρ ∝ r4, we can infer that the
ultrarelativistic fluid within the shell is more dense at the
outer boundary than the inner boundary.
C. Exterior spacetime
The exterior region obeying the EOS (p = ρ =
0) can be defined by the well-known static exterior
Schwarzschild solution which is given by
ds2 =
(
1− 2M
r
)
dt2 −
(
1− 2M
r
)−1
dr2
−r2 (dθ2 + sin2θdφ2) , (29)
where M is the total mass of the gravitating system.
IV. JUNCTION CONDITION
It is already mentioned that the gravastar consists of
three regions, i.e., interior region (I), shell (II), and exte-
rior region (III). The interior region (I) is connected with
FIG. 1: Pressure p = ρ (km−2) of the ultrarelativistic fluid
in the shell is plotted with respect to the radial coordinate r
(km).
the exterior region at the junction interface, i.e., at the
shell. According to the Darmois-Israel formalism [61, 62]
there should be smooth matching between the regions I
and III of the gravastar. The metric coefficients are con-
tinuous at the junction surface (Σ), i.e., at r = D, though
their derivatives may not be continuous. However, one
can determine the surface stress-energy Sij by using the
above mentioned formalism.
Now, the intrinsic surface stress-energy tensor Sij is
given by the Lanczos equation [61–66] as
Sij = −
1
8π
(κij − δijκkk), (30)
where κij = K
+
ij − K−ij provide the discontinuity in the
second fundamental forms or extrinsic curvatures. Here
the signs “+” and “−” correspond to the interior and
the exterior regions respectively. Now, the second funda-
mental forms [67–72] associated with the two sides of the
shell are given by
K±ij = −n±ν
[
∂2xν
∂ξi∂ξj
+ Γναβ
∂xα
∂ξi
∂xβ
∂ξj
]
|Σ, (31)
where ξi are the intrinsic coordinates on the shell, n±ν are
the unit normals to the surface Σ and for the spherically
symmetric static metric
ds2 = f(r)dt2 − dr
2
f(r)
− r2(dθ2 + sin2θ dφ2), (32)
n±ν can be written as
n±ν = ±
∣∣∣∣gαβ ∂f∂xα ∂f∂xβ
∣∣∣∣
− 12 ∂f
∂xν
, (33)
5with nµnµ = 1.
Using the Lanczos equation we can get the surface
stress-energy tensor as Sij = diag[σ,−υ,−υ,−υ], where
σ is the surface energy density and υ is the surface pres-
sure. The surface energy density (σ) and the surface
pressure (υ) can be respectively expressed as
σ = − 1
4πD
[√
f
]+
−
, (34)
υ = −σ
2
+
1
16π
[
f
′
√
f
]+
−
. (35)
So, by using the above two equations we obtain
σ = − 1
4πD
[√
1− 2M
D
−
√
1− 4(2π + χ)ρ0D
2
3
]
,
(36)
υ =
1
8πD

 (1− MD )√
1− 2M
D
−
{
1− 8(2π+χ)ρ0D23
}
√
1− 4(2π+χ)ρ0D23

 . (37)
Also, the mass of the thin shell can be written as
ms = 4πD
2σ = D
[√
1− 4(2π + χ)ρ0D
2
3
−
√
1− 2M
D
]
.
(38)
Here M is the total mass of the gravastar and it can
be expressed in the following form
M =
2(2π + χ)ρ0D
3
3
+ms
√
1− 4(2π + χ)ρ0D
2
3
− m
2
s
2D
.
(39)
V. PHYSICAL FEATURES OF THE MODEL
A. Proper length of the shell
Let us consider that the stiff fluid shell is situated at
the surface r = D defining the phase boundary of region
I. The proper thickness of the shell is assumed to be very
small, i.e., ǫ ≪ 1. Thus the region III starts from the
interface at r = D + ǫ. So, the proper thickness between
two interfaces, i.e., of the shell is determined as
ℓ =
∫ D+ǫ
D
√
eλdr =
∫ D+ǫ
D
dr√
2 ln r + C
. (40)
Integrating the above equation one can get
ℓ =

−(− π
2eC
) 1
2
erf


√
ln
(
1
r2
)− C
√
2




D+ǫ
D
. (41)
FIG. 2: Proper length ℓ (km) of the shell is plotted with
respect to the thickness of the shell ǫ (km).
B. Energy content
In the interior region we consider the EOS in the form
p = −ρ which indicates the negative energy region con-
firming the repulsive nature of the interior region.
However, the energy within the shell turns out to be
E =
∫ D+ǫ
D
4πρ r2dr =
∫ D+ǫ
D
4πH r6dr
=
4πH
7
[
(D + ǫ)
7 −D7
]
. (42)
Taking into account the thin shell approximation one
may write the energy E up to the first order of ǫ (≪ 1) as
E ≈ 4πǫH D6. (43)
The above relation indicates that the energy of the
shell is directly proportional to the ǫ, i.e., the thickness
of the shell.
C. Entropy
According to the prescription of Mazur and Mot-
tola [1, 2] in the interior region I, the entropy density
is zero which is consistent with a single condensate state.
However, within the shell the entropy is given by
S =
∫ D+ǫ
D
4π r2s(r)
√
eλdr, (44)
where s(r) is the entropy density for local temperature
T (r) and may be written as [1, 2]
s(r) =
α2k2BT (r)
4π~2
= α
(
kB
~
)√
p
2π
, (45)
6FIG. 3: Energy ε (km) within the shell is plotted with respect
to the thickness of the shell ǫ (km).
α being a dimensionless constant. We note that in the
present work we assume the geometrical units, i.e., G =
c = 1, and also in Planckian units kB = ~ = 1. So, the
entropy density within the shell turns out to be
s(r) = α
√
p
2π
. (46)
FIG. 4: Entropy S within the shell is plotted with respect to
the thickness of the shell ǫ (km).
Therefore, Eq. (44) can be written as
S = (8πH)
1
2 α
∫ D+ǫ
D
r4√
2 ln r + C
dr. (47)
Integrating the above equation we get
S = (8πH)
1
2 α
[
−
(
− π
10e5C
) 1
2 ×
erf


√
5[ln
(
1
r2
)− C]
√
2




D+ǫ
D
. (48)
D. Equation of state
The EOS, at r = D, as usual can be expressed in the
following form
υ = ω(D)σ. (49)
Hence, by virtue of Eqs. (36) and (37) the equation of
state parameter can explicitly be written as
ω(D) =

 (1−MD )√
1− 2M
D
−
{
1−
8(2pi+χ)ρ0D
2
3
}
√
1−
4(2pi+χ)ρ0D
2
3


2
[√
1− 4(2π+χ)ρ0D23 −
√
1− 2M
D
] . (50)
For ω(D) to be real it requires 2M
D
< 1 as well as
4(2π+χ)ρ0D
2
3 < 1. Moreover, if one expands the square-
root terms in the numerator and the denominator of the
expressions of Eq. (50) under the conditions M
D
≪ 1
and 4(2π+χ)ρ0D
2
3 ≪ 1 in a binomial series and retains the
terms up to the first order, then one can get
ω(D) ≈ 3
2[ 3M2(2π+χ)ρ0D3 − 1]
. (51)
Now, if one examines the above expression for ω(D)
then two possibilities may emerge out: either ω(D) is
positive if M
D3
> 2(2π+χ)ρ03 , or ω(D) is negative if
M
D3
<
2(2π+χ)ρ0
3 .
VI. CONCLUSION
In the present work we have proposed a unique stellar
model under the f(R, T ) gravity as originally conjectured
by Mazur-Mottola [1, 2] in the framework of general rel-
ativity. The stellar model which they termed as gravas-
tar, may be considered to be a viable alternative to the
black hole. To fulfill the criteria of a gravastar they de-
scribed the spherically symmetric stellar system by the
three different regions: interior core region, intermediate
thin shell, and exterior spherical region with specific EOS
for each of the region. Under this type of specification we
have found out a set of exact and singularity-free solution
of the gravitationally collapsing system which presents
several interesting properties which are physically viable
7within the framework of alternative gravity of the form
f(R, T ).
In studying the above mentioned structural form of a
gravastar we have noted down several salient aspects of
the solution set as can be described below:
(1) Pressure-density profile: The pressure and den-
sity relationship (p = ρ) of the ultrarelativistic fluid in
the shell is shown with respect to the radial coordinate r
in Fig. 1 which maintains a constant variation through-
out the shell.
(2) Proper length: The proper length ℓ of the shell
as plotted with respect to the thickness of the shell ǫ (in
Fig. 2) shows a gradual increasing profile.
(3) Energy content: The energy of the shell is di-
rectly proportional to the thickness of the shell ǫ (in Fig.
3).
(4) Entropy: The entropy S within the shell has been
plotted with respect to the thickness of the shell ǫ (in
Fig. 4). This plot shows a physically valid feature that
the entropy is gradually increasing with respect to the
thickness of the shell ǫ and thus suggesting a maximum
value on the surface of the gravastar.
(5) Equation of state: For ω(D) to be real it re-
quires 2M
D
< 1 as well as 4(2π+χ)ρ0D
2
3 < 1. Moreover,
under the conditions M
D
≪ 1 and 4(2π+χ)ρ0D23 ≪ 1 upon
expansion of the expressions for ω(D) in a binomial series
and retaining the terms up to the first order two possi-
bilities have been emerged out: either ω(D) is positive if
M
D3
> 2(2π+χ)ρ03 , or ω(D) is negative if
M
D3
< 2(2π+χ)ρ03 .
Besides these important general features we have an
overall observation regarding the model in f(R, T ) grav-
ity which is as follows: unlike Einstein’s general relativity
there is an extra term involving χ in the present model
which has a definite role and makes the fundamental dif-
ferences between the expressions in both the theories, as
such vanishing of this coupling constant χ provides a lim-
iting case for getting back the results of general relativ-
ity (e.g. note the Ref. [19]). This aspect can be verified
through a comparative case study between the present
work and that of Ghosh et al. [73] under 4-dimensional
background. In this sense f(R, T ) gravity generates more
generalized solutions for gravastar than general relativity.
One final comment: as a possible astrophysical
implication of our results and tests to detect gravastars
under f(R, T ) gravity one may study their gravitational
lensing effects as suggested by several authors, solely
for gravastars [74] as well as for f(R, T ) gravity [49].
According to the methodology of Kubo and Sakai one
may adopt a spherical thin-shell model of a gravastar
developed by Visser and Wiltshire [3], which connects
interior de Sitter geometry and exterior Schwarzschild
geometry. Now, assuming that its surface is optically
transparent they calculate the image of a companion
which rotates around the gravastar and find that some
characteristic images appear, depending on whether the
gravastar possess unstable circular orbits of photons
(Model 1) or not (Model 2). For Model 2, Kubo and
Sakai calculate the total luminosity change, which is
called microlensing effects,where the maximal luminosity
could be considerably larger than the black hole with
the same mass. In future, if one study the similar effects
under f(R, T ) gravity, then one can comparethe effects
of modified gravity on the above mentioned tests with
that of the results based on general theory of relativity.
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